58% H 1 o B B R Vol. 8, No. 1
1958 4= 3 H ACTA MATHEMATICA SINICA March, 1958

AR BERE B P (n),0 (n) B d(n) F)—EETE
I X

OF B R S BB AT

§1. B ¥
| fn+1y . _
fr f(n) B—B RN, mﬁ&ﬁﬁtﬂ:ﬁ—f(n—) (n=1,2,-) B5MERIE, Soma-
yajulul, Sierpifski™ F Schinzel® g F&ifaJ7 ik, Wik o(n), o(n) Rk d(n)mAsk
., FERPRR WAL Brun fEEpREGE—-ENEMRRE. HE—FHH, AR
Schinzel® X #R,2 282 T BERT RS ® SRR, Fldn:
¥ p(n) /5 Buler . £EMT r MAREE 0, -, 0. BEEEER {7 E

m@ v+ _ g <v< k).
ive  @(n; +v)

A3 B TR EIA Jlunnux-Rehyi 7B lg 58 — B MIRE. EmiMs LR ok
B ERERBRET, FEZEER {0 6

Im®@Pitv+ 1) _ 0 vy,
ive  p(Pp; +v)

E-EREREERERATE
HARGHE 4y b B IERE, U fr
My = (b + 1)1% Qo Qot,, Mi = Qi qiy;, (11 K) (1)
BREAROEECHE ¢ O< o<k, I<v<t)BBRN L + 1 AFE. K>
> Z > (mgmy e omy ) B,y N (2) 3R 5REH
{1’ + 1 = m2, 2)
p+rv+l=vmz, (A1<v<k)
EA T Esfs
1<p<Lz, &L, Mp>Z (0<v<k) (3)
A MBI D, %0, %1, -+, Tr Y, BLER P SE 0" 9FRORFREC . HIEEMHBEEE m: R IE B
R X, BEREEROERE
N,o(z) > i

. L, X
log*+? x loglog x (>3,

§2. ZAKGIHENFEH

M = (mgmy--omy)?, ABEM <A< M RH—BEBRER,M) =1, frp<
* FIBLE, D, P 01, Das 3 01,0 B FTRER.
1




2 B % & # 8 %

<P <L P K ZBAEBEZMAAREEBRMAFEE. (1 <i<r1I<i<Ek+])
BHATEHEMOTEEE: 1< a; <0, Bh#ZLFE, 0,70, Bc>Z2>ME,
fir Mz (@) SR T B RE p @8
1<p<e,p=A(mod M), pa;;(mod p;) A<Ki<r,1<i<k+1), (4)
Sl1. F4E A 93 o E

Nz(z) = Mz(x).
®: HBET R AR AR
y+v+i=m(modml) (0<vk) (5)
HEE 1<y <M NHEHE—R, il 2.
B m, (2 + v + )R m, BE&T4n(m,,2) = 1, Hib

@My =1, (m, AE2ED) 1 0<v <Ry, )
iy
0 =0, —7 A<Li<r,1<i<k+ 1), (7)
Wik A B3 e, W0 WA (D), BIHEGB)X T 40
{’p+1 = MyT, .
PHv+4+1=mr+v=vmz (1<v<k),
i (6)K T4 |
C_(p+1 S _
(xo,'mo) —< mg ’ mO) ""( m, » mo) - 12

(g, M) = (Mo, M) =(p+ 1, m)=@+i+1—-1,m)=(—1,m)=
=1 1K1Kk,

(i,m;) = (im;, my) =(p+i+1,m) =<p+j+14+1—7,m) =
=(t—7,m) =1 (17#0,15#£7,77#0),

. 1M 25 i+ 1 .
(z:,m;) = (W, m;) = (Tz’ mi) = (%, mi) =1 (150),
(i, Mp) = (IMx;, Mo) = (P + 1+ 1, M) = (1, M) =1 (i5£0);
HR 7 m,, #(%i,me) =1 (15£0),
s
(g1 T, MMy oo M) = 1, (8)
XHE(T) 4
((p+ )P+ 2)(p+k+1), prp) =1, (9)
H(8), (9B T fast p, AGHEA AT BE R —HAR(D, %, T1, -5 Tk),
BRI p Frst RO IRIF AR, BIRREKREE .
Bl2. FHERFHRAOEREL IERE, MAR, MK 2 R# o; EENHIERE
R Xy, B

M e X
e el CE R O



13 E JU WBEREE o(n), o(n) K d(n) #— BT 3

FEARBIEBERES| 1 J5] 2 shesh. BB 2 BN, Bk = 055, 72F Renyi®,
HFEHEEE k>0 2%E, jizﬂﬂ%’%‘clﬁ%& BIERRERR, VR RSB
Bk,

§3. Brun # B
AU Bk, M, B ai; KR _LEIHREN:. M

_ploss
Oy = € z
P(x:Q) g(apd—) (Q)Iog + RQ(E), (l,Q) =1,
z(x) Za‘p
p‘=k(m

M)
u(mod p,) (1<Ki<rs 157 <k+1)

Bl3. fpr=r2>2r> 2711 BEERToEER. R
zE =

Mz(x)>—<m—R,
t E=1- 2
Yol a<r P ( ) Eﬁgrlq’(pa)fo(pﬁ)

3nt1

1 .
—(k + 1 2n41
( ) Z ﬂ‘; NZ, 6; : v<2r,.¢(pa)¢(m> @(2,)’

a>B>T>8> >|'

= [Bu(@)| + (5 + 1) D3 |Ratpa(2)| + (5 + 1) D3 37 | Rypopa(®)| + -

agr a<:>ﬁﬂ<rl
2n+1
+ U130 30 30 D 2 Bupgen, (B,
agr B<ry Try 8Ty v<rn
a>p>.->v

BAERMEEEE: A = (L25)0 1 kg =¢, FIREGSM, & 6> 6

Zk+1<logho=r, H 1_k+1>—1<h0.
5<P<HN P(P) <ot e(p)

1

fr 0, (0 <G < O BB ZY ZBARFY, SLRE t AAHET z“ >ao>z“+‘.
Wr=t+71, 7= n(t<8<n) <}

Pa( - B L0 - 55>

n=1 ! p<z (D)
ptM
k+1 c
0.75 (1 — s __
= pl;\lz 9(D) - logh+Z
rtm

SLHE o3 SRS k R MA A BB BBELIT),



4 & & & ] 8 &

§4. X% T 5 &

BNAED 2885 xp. # D = pir-p/t 58D AIBRENRK, B4 Xp = Xpar---
Xpai. F Xogi REJRASEL, RIED Xp | 0fF AR, 35 200 WA o7 L <K DEESR
JFRE R xp BRIESE F R AR 8 s,

Bl A. 15 ¢, A BREH, AR EREFEEcs P BHE A< <24 R(p,9)=
= 1 R K. #

2/5 ”™ %
ollog) <Aq<'\/x’kl=logq+1>10gQ+1=k’
2 10g£ log A
2

HE<log?A, HIfEEM A <p <24 9, B Z R4 A EFRE, M pg BH» Bk
R4 x(n), BA
p log 2z

&2
Sup)logp e = | < esa’ hilog @,

PLT

BUEE s SRR EIR, 6 = (4 - 10% . Ka) 7L, T Kos R JInmmuk®
22545 Jlunnuk® | Refyi®, B Littlewood™,

BIB. # Q< e o5 R — Q ZAEHA, &(1,Q) = 1 ¥, A
P(z,Q) =

B Q| Q R, LRAZAMBREELE

x -
+ O(me-ceulogx s
P(Q)log x )

o(E).

Bui e > 0 REEER, ¢ R0 HRGEEELEREE, O 2 WA eddm 2

57
#HAF Titchmarsht™ Pagel T Siegel?,

Hﬂ}f’{\ azz < 10g xs &'?%
B1C. E1<Q< Nk, TR—BMRTL
2z log z
P 4% 108 %
(z,Q) << Q)
FENBERT ms

1
B> e>oet M e<2b a<ico ey, n<n, >34+
AR Q = pl--p, M EEARB E.
FHQEE, B Q=000 =00 "0 = Pulu, u =M, AEEK q, -, €. ES
QEEMBAET. BRY Q¢ E R, FiH QBABARTRERE,
K =] ».

PPy,
M

DT 83 EA T F e S A , eI . SRR, 0, 0o, %

[



1 4 FE O MR e(n), 06(n) K d(n) —EHEE 5

Bk R MR EEK.
8l4. Y v(Q)FR v BREFHEE, E « > o V(Q)< 10 (k + 1) loglog x,

B15. 4£A EMyTRAMAEABE KZ/, g f =1 + —h_—l

Bl6. # Q€EE, R =04, p1<q1 » D >MK, ﬁiﬁQBﬂlﬁfﬁaﬁZ’”’”
SoER 9 RS b 7H BREYIERE.

Bi7. fr{p*}|BRABTHEHEEGEN EEEEMA<p" <<2A$EZABGEMN
Bxipay A% AL, R

3 o <(g=gm) B

P¥>B b

00+ 565

BIO. & n>> 205, HABESTE o I o(n) > 100

Il

>logac + O(1),

§5. 5l 2 My 3 B4

Eyo (8) = D] %a(D)0y,

A9

BU,Q =1/H

P(%,Q) = (Q) g"e(l)qu(x) (10)

M5l 4 Rk E#ESET 40
B < (k + 1)2n+1 Z IRQ(x)I < e@nih)log(e43) 2 |RQ($)| <

QEE QEE

< eWo(k+h)log (k+38) loglog » Z IRQ( x)|. (11)

QeEr
#Q =g, €E, Q> BmE| 445
1 .
P> QY@ >2ell8 g0
TER << pi*@ g

k1=1gg_g%+1___l(_>g_q:(1 .|.0< 1 I>><11(k+1)10g10gx,w>cm (12)
log 21 log p} log p;
2

BB = 2082 A = 2"B(n=1,2,-). BEE @K BATINE A B2 A&
A< p<24. BB AT H/H B4

(1) 3 Q> e%s =™ miEps B 1. |

(i) # Q€E,Q = pjq, W 0. TS, pi F3l A Bz FAIRAE, B E1GE R 1T,



ek LIL AR, Rl 51 A R (10) ™ 4n

82

! P(z,q) + Oz Fhlog ),

o(p1)
b o TEHEEA LI, BIATUER LEOFF. —ERGRLT, I b5 —mRK
ML, REFHILESTT s 20,01

P(z,Q) =

P.@) = — L P(z,q)+ 03 LI
x, = 7 I z,4q, \ * - gz,
P (py-+-Ds) |

1 Ds

R G=Q, k=189 4,
log&
2
el T REGR,ED g, < e 9™ 2% Q,+q, 5%, Bk 3| B/E

P(%,g,) = — =2
®(q,)logx

RZIED H"%iﬁ%‘%&iiz;ajﬁ%_t,o(ya:l_-vm/a-l >
?(a,)
#Efedd 1L R, 51 C 4%
P(z,g)=—2___+0 <xlog x)

¢ (q.)log x ©(q,)
W2 B3 TR AR e 2210

+ 0 (xe-—cs“/log z );

&2

— 3
I xlogx ) xre—°C log = I 21—c(6)/Q1 IV x ky+1 logz.
0@ o(9) 'To@ )q,(g)
Qs qi—
EI0 Z |Ro(®)| s @M% IILIILTV #5-51522 Y Ry, B, By, Bry.
QcE

(i) H5l4,5|7, 58 84 )
Ry < ey logd z/etilos 2, ¢
(ii) HF[8 4%

2, Moo o
RII < Ci3 ® lpg T . e(log. x) /5—05 log = , T > Cu.

XX} = 1 %
(iii) @518, 5l 9fHL e = 18(k + 1)log(k + 3)7‘7”%

3 —18(k+1
Ry << ¢5wlogd z « e~ B(k+hlog(kt3)loglog 2 o~ ¢

(iv) B4R %7 Ry b b <2 ZBTEZA. W
1
z=a% N>T W pgme.
2

5l 61§

. 1-% 1-82
RNy <cnZf-z 3 loga =cpz ®loga,z>>cy,



-

1 8§ E G REEREE ¢(n), 0(n) K d(n~y— L 7

(V) WA RW F% Ruy o by > 2 ZHEZA. ﬁa(lzrrasn B 20 < <2 + 2,

b = 1,2,___,[11(11: + 1)loglog @

. R pe<qc,m > 260108 ' > MK, (2> cw).

2
51 6 184
[Zake+1) 108108 2] | & o ’
R < e Z g Zwklogis, x> ¢y,
vel '
1
Max(‘}]C 4dg> d.= Maxﬂ(_viz_) *) (13)
& & /7 v=tan heP? )
A% ‘ |
&2 log ®

R < expxwlogis

. e 2 (k+1) log]og'a.:—b" 2 > Cx.

ga), (D), diD), (v), MEAD RS

R' < Cou 6—8(k+1)log(k+3)loglog x log-a 2 < 624

kw5l 3 4%

x : :
Togeeh 3’ x> Cx. (14)

B110. AFAEMRSL b, M BB HEK ox B Xs, % 5> Xo B

M5 (x) >

e N A kAT
5l 2 @yl ﬁﬁ=%ﬁm

Mp(xy<logz-e = Mg

Cx &
10gk+2 x

| (w>X3),

_glog® ((k + 3):1: 1og10g 00) + log& . g—(k+3)loglog = () <

log x
. /(k + 3) z loglog & 0 z
< log 2 Mmﬁ< gz >+ <__logk+3x>
M5l 10 J54& 4 | .
(k + 3)zloglog Cn X
MF ( log = > = logttiz® © > Ca.
or (k + 3)xloglog @ —y. T8
log z .
CY X
MA(y) >10g’°+2yloglogy’ Yy > Xy,
BI3E®E <.
§6. FeAGIERRER

8l111. foo=1, 0v=v(1<”

) R b = (1 25)k+1 >1, ﬁ&hmy(gz

< K). BT b BRI r, -, s Jo e >0,

+2) o,

Bk d g7z . A d S8 kAR,



8 4 g 8 # 8 &
SR 0 B o AHMLLEA ARG EL IR ZIERM mo, -, M, 4
¢(a,Mmy)
o.M, c
Pomy % |[<g (sv<h. )
Oy

#: & =‘!L§”~’<1<v<k>,po=w. ﬁﬁﬁﬁﬂﬂt%>0(l<

(k+1)1?
Sy < k)ME :
by _ g, £om1 |<i CE gk,
du pv 3 pll
Bp
o hetn g, B2 < 2 P <u ),
bl"'bu—ldudv+1"'dk Py 3 Ov
fir

byee-byy@y @y iy i
by bty

= Nyp=—1 (1<v\<\k+1).&

v _.,,vﬂ_v—_1|<i.0:x 1<y <k,
Nv—1 Py 3 Py

HB0<n<1O<v<kR H(l—%) =0, BRI ¢ >0, BT EN

FETARE + 1 LRI AR ERB m), my, ., my {5
l 7, — 2(7)
m

td

H3t, RITFTLAER ¢’ = ¢’ (a,¢,p0) B/, IE

<o(w3{,) —ml<e.

<dALv<h),

a

p(m,) P{(m)
m, my
v Pv—1 € Py—1 —1 Po € Po
— O, — e 2l 2LvLE), — q, £0 = .
ooy ~ o ST e, BSUSEL oty T <7
My m,

B me = (k + 1)1 m;. BDIGHIEE.
B 11 spz () HasS o (n) EPIE5] 12,
RIZL. HREEGTHEEFAEE G, -0 ke>0, BHEERED, &

e(p+v+1)

- % 1< \k. 6
i |<e a<v<io (16)

EM S Z FAEER e Ri o, HBRZETE e & X0, & o> X, 5, HEFAER 1 <o

< = [, EA16) R FBBER SR cx 2

logk+2 z loglog z°

e M1, SERIUE SR o K ¢ B, HBAEA T BEIERAEEE mo, my, -,
mi E(15) KL, BEEHE m: 2k, (0, %, -, T)BRIXFEAB)RK Z = 2* 2.

It



1 4 ' T g SRR (n), 0() B d(n) Hy— Bt g
AR (0, M) = 1 (0 < i < k). K

p(p+v+1)_  plosm®) _
o(p +v) P(Gy1Myy 1)
p(o,my) p(x,)
oM, z, p+v+1 17
T 9(0Myry) T @(@) T DY )
Ty My Xy—1

RIS @ RETFEIR o, 8.3, < 2. o REFOMPFED |- |. %

=

1>2) _ ] (1 _ %);(1 — _1_)", (18)

Ty ?'|oy
H(15),(17), (18) W 4NFF4E Cx, B & >0 > cu(a,8)BF, (16)pIL. FWBT
HWAHB2)BEAGIR Z = 2° Bp > cx B—FLIR(D, %, -+, %k), Bt p BREA (16)3K.
{E5RBH2)HEA » < Co IREAREA 6. HEIEAFIEGH EREL,
WEE L Py o(n)HSS o(n), cn R Xy 5B cn R Xs BPG R 2.
EIE 3. AR, FEEEARARE T ERMEERT P+ 1 EERK
o, 01,00, 0., BHFERE
a, <A@ +v+1)<ra, (0 k), (19)
EMEZ, GEMMEE o FRHIEFTE B X, B 2> XobF, EAMEE1<<p<2

3 PAry = C @
il (1) ASFBRBR DR 2
ﬁ: ’@'ao,"',ak.ﬁ'}}']ﬁ'ﬁ‘ -
2 <L a, <20 (0L L h),

HEOXFRa, + 1 =1, EEHE m: Zh, 0 (0,%, . a)BC)XFARLG) K Z ="

ZB B 5 BRETFEAR o, B o BFEE | - [ MABGR.
EE]
r=2% (k+1)12 : (20)
0
d(p + v + 1) = d(e,ma,) = d(m,)d(2,) = 2% > a,;
dp+v+1)= d(aumvxv) < d(gp)d(m,)d(x,) <
1
<+rmtd <, 0<v<n,
BUSE 2.

B e EE 3 SLANHEH
TIE 4 WRMEERT LEB 0, 00, SLEERH 0 BB 0, 8RB + oo, AIFMHHKIK
R {p; 148 .
m 8@ +v+1)
ive  A(P; +v)
WA SCERE T HE R G EAEER S d(n) IR RS E 1 By, S o(n) BBk
HAERTR? HHSE SR,

o (A<v<h),



10 ¥ & £ #] ' 8 &

2 £ X K

[1] Somayajulu, B.S.K.R., The Euler’s totient function ¢(n), Math. Stud. 18 (1950), 31,

[2] Schinzel, A. and Sierpiniski, W., Sur quelques propiétés des fonctions o(n) et o(n),
Bull. Acad. Polon. Sci. Cl. III, 2 {1954), 463.

[3] Schinzel, A., Quelques théorémes sur les fonctions @(») et o(»), Bull. Acad. Polon. Sci.
Cl. I1I, 2 (1954), 467; Sur une propriété du nombre de diviseurs, Pub. Math. 8 (1954),
261; On Functions ¢(n) and d(n), Bull. Acad. Polon. Sei. Cl. III, 8 (1955), 415.

[4] TUuruens, A. n Basr H. (E£35%), O Heroropmx cBoiictBax $ymrunit ¢(n), o(n) u 6(n), Mozrckoi
AH, org 3, M 4 (1956), 201; A Note on Some Properties of the Functions ¢(n), 0(n)
and 8(n), Ann. Polon. Math. (in press).

[5] ZR&ss, ied—Ymon B A Y 51 B, bk 2848, 3 (1956), 261,

[6] Peusn, A., O npefcTaBreHEE IETHHIX YECEN B BHAE CYMMH NpPOCTOTO X IIOYTH NPOCTOr0 WBCIA,
HAH CCCP, 12 (1948), 57.

(7] £5G, RAMEBE—E RB R —ME AR R B R 250, PSR, 6:4 (1956), 565,
[8] Juumsk, I0. B., 06 L-pagax gupuxpe m cyMmMax 0 NPOCTHX uncaam, Mamex. ¢6; 15 (57)(1944),3.

[9] Littlewood, J. E., On the Class number of corpus P (¥ —Fk )., Proc. Lond. Math. Soc.
27 (1928), 315, _ :

[10] Titchmarsh, E. C., Adivisor problem, Rend. del circolo matem. di palermo, 54 (1920),
414,

[11] Page, A., On number of primes in the arithmetic progression, Proc. Lond. Math.
Soc. (2) 89 (1935), 116.

[12] Siegel, C. L., Uber die classenzahle quadratischen Zahlenkoper, Acta Arith. I1(1936), 83.

A NOTE ON SOME PROPERTIES OF THE ARITHMETICAL
FUNCTIONS ¢ (r), ¢ (n) AND d (n)

Wane Yuan
(Institute of Mathematics, Academmia Sinica)

AgnsTRACT

Let ¢(n) be Euler function, o(n) denote the sum of divisors of » and d(=»)
be the divisor function. In this paper we prove the following four theorems.
Theorem 1. For any given sequence of k¥ non-negative numbers a,, -, a;
and e>0, there exists a prime number p such that
o(p+v+1) '
pregmaialt <e<1<v§k>. (1)
There exist positive constants ¢, (a,e) and X, (a,e) such that the number
of primes p satisfying (1) in the interval 1 < p <z is greater than

Co for z > X,
log®+2 2 loglog » = %o

Theorem 2 is obtained from Theorem 1 by replacing the letters ¢ by o,
¢ by ¢; and X, by X, .

Theorem 3. For any given natural number %, there exists a constant y
depending on k only such that for any given sequence of k + 1 positive integers
@, 0y, ,0, there exists a prime number p, such that

=

I

{a

[t 3

phe

TS

73

|-

A



i

1 # E L REEREE e(n), 0(n) K d(n) fh—BE 11

a<dP+r+1)<Lra, (0Lv<E), (2)
There exist positive constant ¢, (¢) and X, (a¢) such that the number of
primes p satisfying (2) in the interval 1 < p < 2 is greater than

Cp & for > X
logk+? z loglog = = 4.

Theorem 4. For any given sequence of k¥ numbers a,, -+, ax, where a; =0
or + oo (1<Li<k), there exists an infinite sequence of prime numbers {p,}
(; =1,2,.) such that

Hm@@it v+ D _ 1 <o),
ive  @(p; +.v) »

These theorems improve some results of the author”, Schinzel“® 6 and
Shao'® .

The proof of these theorems depends on the following
Fundamental Lemma. Let
My = (b + 1)1% Qo,*Qos,, Mi = Qi,-Qis; (1<)
be given natural numbers, where ¢, (0 <k, 1 L v<1,) are prime num-
bers greater than k + 1 and relatively prime in pairs.

If x> 7> (mym,---my)?, and N (z) denote the number of positive solu-

tions (p, %y, 2;:--,2,) of the system of equations
P+ 1 = m,
{ p+v+l=vmz ALv<kh)
satisfying the conditions '
I<p<Lu, if p|z;, then P >7 (01K k),
where p and p’ denote primes, than there exist positive constants ¢;, X, depen-
dent only on m;, and a, dependent only on % such that
o C:T
Npa(z) > Tog" % loglog @ (x> X5),

If 2>27 > (my--mg)?, A is a given positive number in the interval 1 <2 K
<L (Mg )? satisfying (A, mg--my) =1 and p, << py< -+ < p, L Z are all prime
numbers that do not divide m,---m; and do not exceed Z, and if ¢;; (1 <i<K
< r,1 <7< k+ 1)are given positive numbers satisfying the conditions 1 < ay;<
< p; and 7, # j, impries a;;, # a;;,, then we can define M,(x) as the number
of primes p satisfying the conditions

1< p< e, p=4 (mod (me-mi)?), P a;; (mod p;)
1Li<r,1<i<k+1),

Fundamental Lemma obviously follows from the following two lemmas.

Lemma 1. There exist a;; and A such that M,(z) < N, (2)¥,

Lemma 2. There exist positive constants ¢,, X,, dependent only on m;,
and positive constant B, dependent only on k, such that

M.B(2)° e
(@) > logk+2 x loglog x

for any given A and a;;,
The proof of Lemma 2 depends essentially on the methods of Jiuwnux and
Renyi. ‘



