GROWTH AND VALUES OF FUNCTIONS
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1. Introduction
We consider a function f(z) regular in an angle
(1.1) S=80,p)={z|a<argz< B,|z| >0},

and suppose that for some positive 4, f(z%) is regularf at z = 0. In the sequel we always
include this second condition, when we say that f is regular in S. We write

(1.2) S’ =8, p) wherea<oa <f <§p.

Let n(r, a, S) be the number of a-points, i.e. roots of the equation f(z) = a in the
sector

1.3) S(ry={z|ze Sand|z| <r}.
Our hypotheses ensure that n(r, a, S) is finite. We also write

(1.4) M(r,S) = sup | f(re)|.
8

a<6<
The order k of fin S is defined by

. log* log* M(r,S)
1.5 k(S) =1 .
(1.5) (S) im sup logr

The order of the a-points of f is defined by
iy logn(r, a, S)

The following result is classical and due to Nevanlinna [3].

THEOREM A. If for some S’ we have

(1.7) k(8') > n/(B—a),
then we have for every a with at most one exception
(1.8) k(a,S) = k(S").

It is essential that strict inequality holds in the hypothesis (1.7). Thus if f(z) = ze*, S
is the angle |argz| < 4n, and S’ an angle |argz| < 6, for 0 < 8 < 4, then k(') = 1,
but

(1.9 f(z) > 0, asz — o0 in 8§,

t This condition ensures that roots of f(z) = a cannot accumulate at the origin, so that n(r, q, S) is always
finite,
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194 W. K. HAYMAN AND YANG LO

so that the equation f(z) = a has at most a finite number of roots in § for every a, and
so k(a,S) = 0 for every a.

M. L. Cartwright in looking through Littlewood’s papers in the library of Trinity
College, Cambridge recently discovered that Littlewood had in about 1930 been
concerned with the question of finding some extension of Theorem A to the case when
(1.7) 1s false. Clearly additional conditions will be needed to prevent (1.9). If merely
f—a > 0 Littlewood put forward the following

CONJECTURE. If for some positive p we have

(1.10) KS)>p and k0,S)=p,

then k(a,S) = p for every a with at most one exception or at least for most values.

2. Statement of results

It turns out that the hypotheses in the conjecture are still too weak. To achieve the
desired conclusion it seems to be necessary to prove that n(r,0,S5") and M(r,S’) are
large for the same value of r, or that f(z) has many zeros near some point in S where
the function is large. This is not a consequence of (1.10). We can achieve our aim by
assuming that f has lower order at least p in $' or at least that M(r,S’) is large for a
fairly dense sequence of r. More precisely, we have

THEOREM 1. Suppose that r, is an increasing sequence of positive numbers such that

@) ry = @

and |

(2.2) 081 =1, asv - o0.
logr,

Suppose further that

log log M| !
2.3) liminf 28108 M0wS) o o
vo oo logr,

Then if k(0,S’) = p, we have k(a,S) = p for every a with at most one exception.

The exceptional value of a is essential in Theorem A and Theorem 1. Thus
f(z) = 1 + ¢ satisfies the conditions of both Theorems with p = 1, if f—a > &, but
f(z) # 1, so that k(1,S) = 0. Also the condition (2.2) is essential for the proof of
Theorem 1. We prove

THEOREM 2. Suppose that we are given 8, 1, p such that 0 < § < in,
(2.4) l<n<2,
(2.5) f<p<],

and a sequence r, tending to oo with v. There exists an entire function f(z) of order 1,
mean type, such that if S =S(—3n+320,51—29), and §' = S(—3n+94,4n—3), then
f(2) has order p in S and

log|/(2)]

(2.6) liminf P

>0
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 195

as z = oo in S outside the sequence of annuli
2.7 r,<lzl<r forv=12,...
Further, k(0,5’) = p, but for a # 0,

2.8) ka,S) < p' = p—(i—”)g(l—g.

We note that §, 1 —p, n— 1 can be chosen as small as we please so that the openings
of §, 8" differ arbitrarily little from n/p. Further, (2.6) shows that f(z) is of lower order at
least p in S outside the sequence of annuli (2.7), only just bigger than those permitted
by (2.2). In particular, Theorem 1 fails if r, is any increasing sequence not satisfying
(2.2), for in this case there is a subsequence v = v, of n for which r,,, > r.,", where
n > 1, and we can apply Theorem 2 with r,_instead of r,. Also by considering f(z*¢")
instead of f(z) we can obtain corresponding results in any angle S(a, f) (though our
example will then no longer be entire in general).

3. Proof of Theorem 1: preliminary results

In order to prove Theorem 1, we need an improved form of Schottky’s theorem

[2, p. 129].

LEMMA 1. Suppose that F(z)-is meromorphic in |z| <1 and that the equations
F(z) = 0,00, 1 have there at most a finite number of roots a, where /. = 1 to L, b, where
u=1toM,and c, where v =1 to N, respectively. We write

M — L —
6. Foe) = P[] 15 / [l (vz—“‘—)

A=1 1—5AZ

Then if z, = re'%, where 0 <r < 1,0 < 0 < 2=, and z, = 0, we have

(32) log* | Folz,)| < {22 (1og" | Fo(z) |+ L+M+N+1),

where A, is a positive absolute constant.

We deduce

LeMMA 2. The conclusion (3.2) holds for an arbitrary pair of points zy,z, in|z| < 1,
with

Zy—2Zy

r =

1—-2Z4z,

To prove Lemma 2 we simply apply Lemma 1 with
1424z 1+24z 1-24z,

F(Z), Fo(z), 2.

From now on we assume that F(z) satisfies the hypotheses of Lemma 1 and is regular
so that M = 0.

instead of
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196 W. K. HAYMAN AND YANG LO

LEMMA 3. Suppose that 0 <t <1 and that C > 1. Then if A is as in (3.2) and
A
(3.3) log| F(0)| > l—l?{log C+L+N+1}, where A; =224,,

there exists r, such that t < r < (1 +1) and
(3.9 | F(re®®)| > C, for 0<60<2n.

Hence for |a| < C, the equations F(z) = a all have the same number of roots in | z| < r,
that is, at most L. Also, if 6 > 0,

(3.5) log| F(z)| > log C— Llog(4e/d), for|z|<r,

outside a set of circles the sum of whose radii is at most 0.

We apply Lemma 2 with z; = 0 and z, = re. This gives
(1-r)
A

0

(3.6) log* | Folzo)| = ——log* | Fo(z,)| —L—N—1.

Next we have

zZo—a
log| F(zo)| = log| Fo(z) |+ log | 2=
Ac0
r—{a|
37 > log| Fo(zo) |+ ) log| ———|.
3.7 gl Fozo) |+ Y. =T
Alsofor0<a<1land 0 <r, <1, we have
1
1—
(3.8) J log‘ r_‘;’ dr < S(1—r,).
To see this we note that
1 ! 1—ar (1 L—ar| dr
=, J:llogl — dr<2~”log el pm
[t l—ar| dr
2 |
= J-1 g r—a 1 r2
[ 1) dx
=2 -
J _1log(x> 1—x?
1 1| dx
=4 log|—
Jo || 1T=x2

il

M8
o
TN
o

: —
+
_

[ 8]

This proves (3.8).
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 197

We deduce that if r, = 4(1+r,), then

r—lal
lo
‘[nlzl |1 aulr

l—l a;|r

Thus there exists r, such that r, <r <r, and
= =SL(1—-ry)
lo >
).;1 rz - rl
We choose r, = t and r, = 4(1+1) and take this value of r. Then (3.6) and (3.7) show

that for |z| = r we have
log* tF(2)| > 10g | Fo(2)| - 10L

dr > —SL(1—r,).

r—|a,;|

= —10L.
1—|a,lr

*1F(0)| ~L—N—1—10L

11—t
2

~log* | F(O)|—11(L+N +1) > logC,
24,

if
24,
log| F(0)| > 1= {logC+11(L+N+1)}.
Taking A, = 224, we deduce (3.4). To deduce the next statement we apply Rouché’s

theorem.
Next we consider

Foz) = F(2) H( “f)

and deduce that | Fy(z)| > C for |z| =r and hence for |z| < r, since Fy(z) # 0 in
|z| < r. Thus

zZ—a
log| F(z)| = log| Fo(z) | + ¥ log | T—

>logC—Y log |1 —a,z|+) log|z—a,|
L
>logC—Llog2+ Y, log|z—a,|
i=1

> logC—L(log2+log1/h),

outside a set of circles, the sum of whose radit is at most 2eh, by Cartan’s lemma [1, p
46). Writing 6 = 2eh, we obtain (3.5).

3.1. Hyperbolic distances

It is convenient to formulate (3.4) for an arbitrary simply connected domain and for
this we use hyperbolic distance [4, p. 47 et seq.]. Suppose that D is a simply connected
domain, and that w,,w, are two points of D. Then the hyperbolic distance
d(w,,w,; D) is defined by

1+r

d(wls w; ,D) - ‘!‘IOg

where D is mapped conformally onto |z| < 1 so that w,,w, correspond to z = Q,r.
Our reformulation of Lemma 3 is
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198 W. K. HAYMAN AND YANG LO

LemMa 4. Suppose that F(z) is regular in a simply connected domain D, and that the
equations F(z) = 0, 1 have respectively L and N roots in D, where L, N are finite. Suppose
that C > 1 and that w, is a point of D, such that

log| F(w,)| > A,e**{logC+L+N +1},

where d > 0. Then for |a| < C, the equation F(z) = a has at most L roots in the
subdomain D' of points w of D, such that

d(w,,w;D) < d.

Lemma 4 is a consequence of the first parts of Lemma 3 and conformal mapping.
Finally, we need a lemma on hyperbolic distances.

LeEmMMA 5. Suppose that D is the domain given by

|argz| <a, R/K <|z| < KR,
where K > e°. Let D’ be the subdomain of D given by
largz| < a(l—8), e*R/K <|z| < KR/e%,

where 6 is a positive number. Let w, be a point of D' on|z| = R, and let w, be any other

point of D'. Then

d(w,,w,;D) < a%log K +1log(3/5).

We assume first that
R=1, a=in, w, =1, wy,=r,
where 2/K < r < 1. Then D contains the disk
Dy |lw—1]<1-K™1
Since hyperbolic distances decrease with expanding domain we deduce that

T+{wy—w |[/(1-K™")
1—|w,—w |/(1-K™")

d(wy,w,; D) < d(wy,w,; Do) = $log

. 2
<7‘°g{1~(1—2/1<)/(1—1/1<)}
= 4log{2(K — 1)} < 4logK +4log?2.

Next if 1 < r < K/2, we use the transformation w' = 1/w which maps the domains
D, D’ into themselves and so leaves hyperbolic distances invariant. Thus if « = 4n, and
w,,w, are on the positive axis, we have

(3.9) dwy,w,;D) < $logK +4log2.
Next we make a transformation
{=logz=¢E&+in.
This maps D onto the rectangle P given by
—logK <& <logK, |n|<a.
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 199
Since log K > 4n, P contains the disk Py: |{| <4n. If w| is any point on |z| =1,
largz| < in(1 —§8), then w/, corresponds to
{1 =in, where |n| < in(1-9),
and w, corresponds to {, = 0. Thus

l+2|n|/7z
1-2|y|/n

A similar argument shows that if w), is any point such that

n420n| 2=

3.10) d(w,,w};D) < d(0,in;P,) = Llog 1
( ) d(wy,wi;D) (0,in; Py) =3 2|7 210 5

tlog

Iwy | =r, |argw,| <3n(l1—9), where e?"/K <r < Ke™ ¥,
then
(3.11) d(w, wh; D) < $1og(2/9).
Thus in all cases we deduce, if « = 4n, using (3.9) to (3.11), that
d(wy, wy; D) < d(wy, wi; D) +d(wy, wy ; D)+ d(wz, Wy ; D)
<4log K +4log2 +log(2/6)
< 1log K +1og(3/d),

so that Lemma 5 is proved if a = 4n, R = 1.
In the general case we consider the transformation

Z = (z/R)"®,

This maps D, D’ onto the domains we have just considered with the same value of 9,
and K™2® instead of K. Since hyperbolic distances are invariant under conformal
maps, we deduce Lemma 5 in the general case.

4. Proof of Theorem 1
We shall deduce Theorem 1 from the following somewhat stronger result.
THEOREM 3. Suppose that f(z) is regular in S(a, ), and that there exists an increasing
sequence r, of positive numbers satisfying (2.1), (2.3), and
4.1) ryyr <1, wherev=12,..,
and that k(0,S") = p. Suppose also that 0 < p < n/(f—a), and that
1+(B—a)p/m
1—(B—a)p/n

Then we have for every a with at most one exception k(a, S) = p’, where p' is the positive
root of the equation

w3 ((ﬁ W, )((ﬁ—a)ip’—p)H) {(b’ Wp 1}"=o_

COROLLARY 1. If p=mn/(f—a) and (4.1) holds for some finite n then
k(a,S) = p{/GG+2/n)—%} for every a with at most one exception.

4.2) l<n<
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200 W. K. HAYMAN AND YANG LO

COROLLARY 2. If p < n/(B—0) and (4.1) and (4.2) hold then k(a,S) > O for every a
with at most one exception.

COROLLARY 3. If p < n/(f—a) and (2.2) holds then k(a,S) = p for every a with at
most one exception.

Before proving Theorem 3 we shall deduce the corollaries from Theorem 3. We note
that Corollary 3 is simply a restatement of Theorem 1.

Suppose first that p < n/(f —a). The condition (4.2) ensures that the left-hand side of
(4.3) is negative when p’ = 0 and positive when p’ = p. Thus the equation (4.3) has a
root p', such that 0 < p’ < p and Corollary 2 follows from Theorem 3. Also if n = 1 we
have p’ = p in(4.3) and so p’ approaches p as 7 tends to 1. If (2.2) holds we may apply
Theorem 3 with # arbitrarily close to 1 and obtain the conclusion with p’ arbitrarily
close to p and this yields Corollary 3, i.e. Theorem 1.

Finally, if p = n/(B—a) and n > 1, then the final term of (4.2) is no restriction, so
with fixed # we may apply Theorem 3 with p—e¢ instead of p, where ¢ is a sufficiently
small positive number. Letting ¢ tend to zero we obtain the conclusion k(a, S) = p’ for
every a with at most one exception, where p’ is the positive root of the equation

’ ’ 2
P_<1+P_> = —
P p) N

p' = p{JG+2/m -1}

that is,

This is Corollary 1.

Letting n tend to 1 we obtain the conclusion of Theorem 1 also in this case. On the
other hand, if p > /(8 —a), then Theorem 1 is a consequence of Theorem A. Thus
assuming Theorem 3, we have proved Theorem 1 in all cases.

4.1. Proof of Theorem 3

To prove Theorem 3, we may suppose, without loss of generality, that « = — 8, since
otherwise we may consider f(ze™"%) instead of f(z), where 6 = 4(a+ B). Next we
suppose that Theorem 3 is false and obtain a contradiction. Suppose then that
k(a,S) < p, and k(b,S) < p,, where a b and p, < p’. We consider

z)—a
instead of f(z). For this function we have the conditions
k(0,5) < py, Kk(1,5) <py, kao,S) = p,
where a, = a/(a—b). Also if p, < p, we have, for all sufficiently large v,
4.4 log M(r,,S’) > r,*2

We write « instead of B so that D is the angle S(—«, ) and S’ the angle S(—a +J,x—9)
for some positive 6. We also have, for large r,

4.5) n(r,0,8)+n(r,1,8) < r°',
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 201

and we choose p, so near p that p;, < p, < p and

(4.6) n(z‘;p Ly 1)(2“(” - —P3) 1> < (2“%1» 1).

This is possible since p, < p’ and since (4.3) holds.
We choose numbers 1, and #, such that

p2+7/(20) < "

@.7) l<n < , - =
T T 7 EN

and

(4.8) MMy = 1.

This is possible in view of (4.6). For every large v we shall apply Lemma 4 twice. We
first take for D the domain '

r,/K <|z| < Kr,, |argz|<a,
where

4.9) K =e%r,m 1,
and for z, a point on |z, | =r,, |argz, | < a(1—4), such that
log| F(z,)| > r,f2
This is possible in view of (4.4). Let D’ be the domain
er,/K <|z| <r,Ke "

Then it follows from Lemma 5, that if z, is any point of D', we have
T 3
d ; —1 =
(z4,2,;D) < 2 oglK+log6

Also by (4.5) the number of roots of the equations F(z) = 0,1 in D total at most (Kr,)**.
To show that the hypotheses and so the conclusions of Lemma 4 hold, we must prove
that

3
r,* > A, {logC+1+(Kr,)r'} CXP{% logK+2 IOgS}’

with C > |a,|. In view of (4.9) this is satisfied for large v if

3 2
rf>24, 5) (e“rv'“)"’(e“rv'“")"/‘2“),
which is true since, by (4.7),

(4.10) n1p1+ (0 —Dn/(20) < p,.
We deduce that the equation F(z) = g, has at most (Kr,)** roots in

er,

<|z|<e ®Kr,, |argz|< afl—9).

n x

In particular, for r, < r < r,”, the equation has at most (Kr,)** = (e*r,"')*! roots in
4.11) largz| < a(l—=0), 4r<|z|<r.

Thus it follows from (4.10) that for this range of r, the number of roots is O(r*?) in
(4.11).
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202 W. K. HAYMAN AND YANG LO

Next we shall obtain the same conclusion for r,”* < r <r,,,. For this purpose we
apply Lemma 4 again, taking for D the domain

rv'll

2K

<|z| <iKrm,; |argz|< a(l—94),

where
K = 2earv+ l/rv”l < 2earv+l(l - l/'n),

by (4.1) and (4.8). The number of roots in D of the equations F(z) = 0, 1 does not exceed
(e®r,+ )’ by (4.5). We take for z, a point on

lz| =741, largz| <o(l-0),

such that log| f(z,)| > r,+,°% Using Lemma 5, we see that the domain D' of Lemma 4
includes the sectorial region

(4.12) largz| <o(1=3), " <|z| <rpuy,

provided that

0

and this is the case for large v, since by (4.7), p, +(n/22)(1—1/7n,) < p,. We can
therefore apply Lemma 4, and deduce that the equation F(z) = a, has at most
(€®r,+ )" roots in (4.11) and hence O(r,"'*?) roots, since by (4.1) and (4.8) we have
Foad® < (nT)" and, by (4.7),

201 —p2 < (M2—(p2—n/(2a)) < 0.

Thus, in particular, F(z) = a, has O(r*?) roots in (4.11) for r,”* <r < r,,,. We had
previously obtained the same conclusion for r, < r < r,, and deduce that this result
is true for all large r. By adding the roots of F(z) = a, over the sectors

3
ryr1?? > 24, {log C+1+(e®r,,,)'} exp{z% log K +2 log—},

27k < |z < 2!k, |argz| < a(l-9)
for k = 1 to oo, we deduce that F(z) = a4 has O(r*?) roots in
largz| < o(1—4), |z|<r,

so that k(ag, S') < p,, contrary to hypothesis. This contradiction proves Theorem 3
and so completes the proof of Theorem 1 also.

5. Borel directions

Suppose that f(z) is meromorphic in an angle S(a, f) and that « < 0, < . We say
that the ray argz = 6 is a Borel direction of order p for f [5, p. 32] if, for every small
positive ¢ and every a in the closed plane with at most two exceptions, we have

k{a,S(6o— 3,0, +9)} = p.

The following strengthened form of Theorem A is due to Valiron [S].

THEOREM B. If f(z) satisfies the hypotheses of Theorem A, then f(z) has a Borel
direction of order p = k(S') in §'.

Valiron’s technique yields an analogous extension of Theorem 1. This is
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 203

THEOREM 4. If f(2) satisfies the hypotheses of Theorem 1, then f(z) has a Borel
direction of order p in S'.

We need a preliminary result due to Valiron [5, p. 31]. In our terminology a slightly
weaker form of this result is

LEMMA 6. Suppose that f(z) is meromorphic in an angle S and that k(a, S) < o, for three
distinct values a = a; in the closed plane, where ¢ > 0. Then

ka,S) < o

Jor every S’ and all complex a outside a set E of measure zero.

Theorem 2 shows that the exceptional set E need not be empty. We can now prove
Theorem 4. Suppose that, contrary to this, no ray argz = 8 for o' < 0 < f' is a Borel
direction of order p for f, where f satisfies the hypotheses of Theorem 1. Since f is
regular this implies that for each such 8 there exists a positive § and two finite complex
values a, and a, such that

k{a;,S(0—06,0+0)} < p(6) <p, for j=1,2.

Using Lemma 6, we deduce that k{a, S(6 —30,0+36)} < p(0) for a outside E(6),
where E(6) has measure zero.

It follows from the Heine—Borel theorem that there are a finite number of 6’s, 8, to
By in o < 8 < B, such that the corresponding intervals (6;,—%6,,0,+39;) cover («, B).
If E; are the co‘rresponding exceptional sets E(9)) and E = ( )}- | E(6)), then we deduce
that for a outside E we have

kia,S) < p'= max p(8) <p.
N

ji=t1,...

Here E has measure zero and
N
i=1

so that S’ lies in the interior of S,. But this contradicts Theorem 1, with S, instead of S,
since Theorem 1 asserts that k(a, S,) = p for every a with at most one exception. This
contradiction proves Theorem 4.

6. Construction of the counter-example

We now start the proof of Theorem 2. The rough idea is as follows. We express f(2)
as a product of two functions f(z) = f,(z)f,(z). The function f,(z) behaves rather like a
Blaschke product. It is uniformly bounded in the right half-plane and is small and has
zeros of order p in a sequence (class I) of annuli; in these annuli f5(z) is not too large so
that f(z) is small. On the other hand, in another sequence (class II) of annuli f,(z)
behaves like a classical Lindelof function of order p, with negative zeros, while f(z) is
not too small. Thus f,(z) and hence f(z) is large of order p in the class II annuli. This
shows that k(0, S) = p and k(S) = p. For a # 0, the equation f(z) = a can have at most
a finite number of roots outside an intermediate sequence (class III) of annuli, where
f(2)is neither large nor small and in these annuli both f(z) and f>(z) vary slowly so that
k(a,S’) < p’ < p. In this section we define f,(z), f5(2), and f(z) = f,(z)f>(z). The relevant
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204 W. K. HAYMAN AND YANG LO

inequalities for these three functions are established in §§7 to 9 and the proof of

Theorem 2 is completed in § 10.
We suppose that (2.4) and (2.5) hold and write

(6.1) n=K=
By choosing a subsequence if necessary we may assume that r, > 4,

Py > 2r,_ (RK-+ANI=0) for y > D)
and
r,> 2r,_ KO+PN2=KA=21 for y > 2,

Using these inequalities in turn we obtain

(62 Foei® < 1o KU KO0 < )
We now set

63) s, =K

and

(6.4) t,=r,t"1"Plogr,

It follows from (6.1), (2.4), and (2.5) that
ptnl—p)—K=p+K*(1-p)—K = (K-1)(K-(K+1)p) <0,

so that

(6.5 t,=o(s,) asv — oo.

We now define o .
(66) file) = e l)nl{zj _‘i,;"},

where the product [], is taken over all integers n which satisfy
(6.7) s, <n<s,+(s,) for some v.

Next we write
(6.8) f2(2) = [[.(1 +2zn7 %),

where the product [ [, is taken over all integers n which satisfy

(6.9) r<ntP gr,,, for some v,
and set
(6.10) f@) = fi(2)f(2).

We shall write C for positive constants depending on 8, 4, p, and C, C, for particular

such constants. We set z = re'®.

7. Estimates for f,(z)

We proceed to prove

LeMMA 7. If v is large and | 0| < 4n—%6, then

(7.1 log| @) < —Cyzr=p Jorr, <r<s,
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and

(1+p)
(12) log| f,(@)| < —C,2——, fors,<r<n
If 10| < 4n—139, then

r
(7.3) log| fi(2)| > = C, TR forr,<r<3s,

S (1+p)

(7.4) log| fi(2)| > —C,—= . fords, <r<r’,
and, for some branch of the logarithm,
(7.5) Hog| fi(2) || < Core=®=DU=A for r"<r<r, ..
Finally, f,(2) is entire and
(7.6) | i@ <2, for |0 <¥n—¥8)and 0 <r < 0.

We note that for | 0| < in—46, we have |[e”2"*| < 1 and
z—ine™ i
—— | <1, for every integer n.

z—in
Thus| f,(z)| < 1+|e~2"*| <2 in this angle. This proves (7.6). Also

z—ine 1?2 |z—in|*—|z—ine”®|?

1—

z—in |z—in)?

_ 2rn(sin(6 + 8)—sin 6)
- |z—in|?

_ 4rncos(0 +4d)sin 36
- |z—in|?

Thus if | 8| < 4n—%5, we deduce that cos(§+45) > sin(6/6), and

2 ‘2
< 1_4rn'sm.(c5/6)
|z—in|?

inp = i0

4rn z—ine

1.7)

z—in

T lz—in|?

205

Suppose first that r < s, and that n lies in the range (6.7) for this value of v. Then

Cs, <|z—in| < Cs,. Thus if [ [,(z) denotes the product in (6.6), (7.7) yields

log|[]i(2)| < —CNr/s,,

where N is the number of integers in the range (6.7). Since s,” > 4% = 2, we deduce that

N =452, so that

log|[]i(2)! < —Crs,f~1.

Ifr > r, weseethatrs,?~! > r ! ~X0 =0 5 £ 153 in view of (2.4), (2.5), and (6.1). Using

(7.6) with (6.6) we deduce (7.1). We also see that, for r > s,,

Cr<|z—in| < Cr,
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206 W. K. HAYMAN AND YANG LO

so that in this case (6.7) and (7.7) imply that
log|[]:(2)] < —CNs,/r < —C(s,) **/r,

and this yields (7.2) in view of (7.6) and K(1+p) > n.
Next we turn to the lower bounds for | f;(z)|, which are a little trickier. We suppose
first that

(7.8) Ty ST <Tyey

and estimate the contribution to the product in (6.6) from the ranges (6.7) for various v.
Suppose first that v > p. Then if n lies in the range (6.7) we have, recalling (6.3),

Ks K
nzs,=rfzr,2rk

Thus if p is large, we have for all g, since K > 1,

o ze® —in
& z—in

Since p < 1,and s, ., > 2s, by (6.2) and (6.3), the product in (6.6) converges absolutely
and locally uniformly. In fact the contribution to |log [ ,(z)| from the range (6.7) is at
most Crs,?/s, = Crs,~!. Thus

5 1o ze® —in
1|'08 z—in
where the sum in ), is taken for n in all the ranges v with v > p.

Next if v < u, we see similarly that the contribution to log|1/[],(z)| from n in the
range (6.7) is at most

Cr Cr
< — g —.
no s,

< Crsyey” "t =Crry K07,

CYn/r<Cs **/r.
Thus the contribution from all the ranges (6.7) with v < u is at most
Cs,_ ' *?/r = Cr,_ X *?/r.

Finally, if r lies in the range (7.8), r < 4s,, and n lies in the range (6.7) with v = p, we
have

|z—in| > 4n > s,
Thus we see that the contribution to log|1/[],(z)| from the n in the range (6.7) with

v =y, is at most Crs,?~! = Crr X~V Also |e” 2| < C < 1, if |6| < 4n—1%6 and
r > 1. Thus we obtain for r, <r < 4s, and | 0] < in—1%4,

log| fi(2)| > —C(1 +rr, K7V ppr,  KO=D gy, KU*R /)
> —C(l+r,_ K+ [r4rr K7,
In view of (6.2) and (7.8), we have
Kasopp  KUD e <y p KOTD  pp KO- 1),

ry, -

Thus
lOg I fl(z)l > — C(l +rr"K(P- l)).

Since K(1—p) < 1, we deduce (7.3).

d ‘T '286T ‘Xyv209vT

wouy

\d/2TTT 0T /10p/woo A8 IM'A

IPUOD PUE SWB | 84} 39S *[£202/0T /2] U0 AfRIqIT8UIIUO ABIM ‘SeD ‘SS0UBIOS SUBISAS U SIIEWRUR A JO AWepedy Aq £6T°Z v

36UB0 1T SUOWIWIOD 3ANERID 3|gedtjdde ay) Aq pauerob ae sapie YO ‘38N JO 3| J0j Akeid 1 auljuQ 3|1 UO (SUORIPUOD-PI



GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 207

Suppose next that r lies in the range (7.8) and 4s, <r <r," Then if n lies in the
range (6.7) with v = u, we have n < 2s, so that

| 1—ine™%/z
8 1—in/z

Thus the contribution of this range of n to |log[],(z)| is at most
Cs, '+ /r = Cr X' *P/r in this case. We recall our earlier work to get (7.3) and obtain

log| fy(2)| > = CL+r, KO /4 r, K00 fp oy, Ko=)
>—C(1 +ru"“ o fp),

in view of the first inequality in (6.2) with v = u+ 1, and r < r,". This proves (7.4), since
K(1+p)>n = K->

Suppose finally that r,” < r <r,.,. In this case our previous estimates yield
(7.9 log| f1(z)| > =C(1 +r X *2/r 4 pr,, KO~ 1),

We note that n = K2, so that

r“K(l +p)/r < r“K(l +p—K).

< Cn/r.

Also 0 < 14+ p—K < p in view of (2.4) and (2.5). Thus

r“K(l =K p1HP=KIK o pp (K1) P (K= -p)
Hence r X *#/r < pp=K=D01 =2 Next since r < r,,,, we have
1o KOD < pLHKE=D o= K= 1) =p),

Thus (7.9) and (7.6) yield (7.5).

We have seen that the product [ [, is absolutely convergent. Also f;(z) is regular in
the plane except possibly at the points z = in, and the poles at these points in the
product [],(z) are cancelled out by the zeros of e”2"*—1. Thus f,(z) is an entire
function. Further, f(z) has order 1, mean type. For this is true of the factor (e~ 2**—1)
and the product [, has order p less than 1. Thus the proof of Lemma 7 is complete.

8. The estimates for f,(z)

We next prove

LEMMA 8. We have for z = re', with | 0| < in—46, and large v,
(8.1) Cyr? <log| fL(2)| < Cor?, ifr,<r<r,,y,
(82) CSrp(l +10g(r/rv)) < log ' fZ(z)l < C6rvp(1 +log(r/rv))3 ifrv S r S tv:

(8.3) Corr,"?~ 1 < log| fo(2)| < Cgrr,m~ 1 ift, <r< e

We suppose that ¢, is defined by (6.4) and that
(8.4) L, STr<t,,,.

First we derive the lower bounds in (8.1) to (8.3).
In considering the ranges (6.9) for different values of v, we note that since | 6] < iz,
we have

(8.5) I14zn" Y| > 1.
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208 W. K. HAYMAN AND YANG LO

Thus when obtaining lower bounds for | f5(z)| we may confine ourselves to the single
range v = ¢ in (6.9). Suppose first that

8.6) ¢
We note that, for | 0| < ¥{(n—9),

drcosd  r? inis)2
8.7) 1420t = 1 425 r,,z(l 'S‘"2>

nle 2l nllp
Thus

rsin(39)

-1
log|1+zn ”’I?log(1+ s

) = Crn~ e,

Since by (6.2) we have r,,, > 2r,", we deduce from (8.5) that
log| f,(2)| = Cryn=""* > CNrr,™",

where N is the number of integers n satisfying r,” <n'/” <2r) that is
r,’" < n < 2°r,f" Thus, when y is large,
N> @ —r/"—1> Crem,

and
log| f5(z)| > Crr, 01

in the range (8.6), and this proves the lower bound in (8.3).
Next suppose that
(8.8) r<r<r,,.

We now confine ourselves to estimating the product for f,(z) over those integers n
which lie in the range (6.9) with v =y and also satisfy 27 % < n!'”? < 2%, By
considering separately the cases r < 24,7 < 27%r | and r > 2%r,", we see that the
number N of these integers n satisfies

N > r(1—27°12)—1 > Cr*.

Also, for n in this range, log|1+zn~'?| > C. Thus in the range (8.8) we have, using
(8.5),
log| f2(2)| > CN > Cr*,

which yields the left-hand side of (8.1).
Finally, suppose that

8.9) Fus1 ST < by
We confine ourselves now to the product over integers n which satisfy
(8.10) ey <SP <y
These lie in the range (6.9) with v = g, and (8.7) yields

|[14+zn~ 7| 2 14+rn™7singd = 1+ Crn™ P 2 14+ Cor/r 4.
Thus if N is the number of integers in the range (8.10) we obtain

log| £3(2)] > Nlog(l +Cor/r,+,) = Crys i log(l +Cor/r, 4.1).

Ifr < Cy~?r,+,, we obtain log| f5(z)| = Cr, . ,*, which yields the lower bound in (8.2).
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 209

If Co~2ry4y ST <ty then Cor/ty+1 2 (r/r,+,)* and we obtain

log| f>(2)| = Cr,, \°3 log(r/ru+ 1)

which again yields the lower bound in (8.2). This completes the proof of the lower
bounds in Lemma 8.

To establish the upper bounds we suppose that r, < r <r, ., and consider first the
range r," <r <r,, . In this range

log| f5(2)] < 2 log(l +rn~1%) log(l+r)+£ log(1+rt™ %) dt.

We set x = rt~ '/ in the integral and obtain

®log(1 +
log] £,(2)| < log(1 +7)+pr* f o8I 4y — Co-+1og(1 +1)
0
and this yields the right-hand side of (8.1).
Next suppose that
(8.11) r
Then recalling (6.9) we see that

log| f5(2)] < Y1 log(1+rn~ %)+ Y, log(1 +rn™ 1),

where the sums szz are taken over the ranges n < r,’, and n > r," respectively.
Thus, in view of (6.9),

8.12) Yo Y =1y, n P < Cr(r,0)! P = Crr,o .
Also if N is the integral part of r,?, then

N+1

Y, < log(l +r)+-[ log(1+rt~'%)dt

1

=log(1+r)+pr"f x7 7" tog(l + x)dx
r/(N+ 1)tp
(N +1)tP\p er

< 4

\log(1+r)+Cr( " log N

< log(1+7)+ C(N + 1)log| —=

S 08 BN+ )
Thus
(8.13) Y., < C{log(l +r)+r,(log(r/r,)+ 1)} < Crf(log(r/r,)+1).
Thus in the range (8.11) we obtain, from (8.12) and (8.13),
(8.14) log| f2(2)| < C{r,flog(er/r,)+rr,"®~V}.

. iljlppose first that r, < r <t,/logr, = r,2* " 77 Then rr,"®~ Y < r?, and (8.14)
yields

log| f5(2)| < Cr,*(log(r/r,)+2),
which implies the right-hand side of (8.2). Suppose next that

t,/logr, <r<t,
5388.3.44 N
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210 W. K. HAYMAN AND YANG LO

Then (6.4) shows that r/r, > r,"~ V0 =9 Thus, in view of (6.4) and since > 1,

rr, "0~ < rflogr, < Cr,log(r/r,),

and (8.14) again yields the right-hand side of (8.2).
Suppose, finally that t, <r <r," Then

r.”logler/r,) <r,log(r/r,f*" =)+ Crllogr,
<rflr/r,f " ")+ Crllogr,
-1 -1
< C(rru"“’ R tur,,"(” ))

n(p—1)
Crr, :

N

Thus in this range (8.14) yields the right-hand side of (8.3) and the proof of Lemma 8 is

complete.

9. Estimates for f(z)

We shall use the estimates of Lemmas 7 and 8 to show that f(z) is either large or
small except when | z| is comparable to certain numbers p, and gq,. Thus, except in this
case, the equation f(z) = a can have no solutions. Near |z| = p, or g, the order of fis
at most p’ (defined in (2.8)) and so is the order of the number of solutions of f(z) = a.

We now make these estimates more precise.

We set
9.1 p,=r, k0 Plogr,,
9.2) g, = r 10 P TEKO 4 ),

We note, in view of (2.4), (2.5), and (6.1), that
1 <p+K(1—p)<p+n(l-p),
so that, in view of (6.4),
6.3) r,=o(p,) and p,=olt,)
Similarly,
K =3K(1—p)+3K(1+p) < in(l —p)+3K(1+p) < 1.
Thus, in view of (6.3),

s,=o(¢,) and ¢, =o(r,).

Using this and (6.2), (6.5), (9.3) we see that the following are in order of increasing

magnitude:
(94) Tys Dvs tv’ Svs Qvs rv": Fyo+g:

We shall suppose we are given a number ¢, such that 0 < ¢ < 1.

LEMMA 9. We have for z = re, with | 0| < in—%6, and v > v,,

9.5) | f(2)l <& if Cop, <7< Cioq,
and .
(9.6) | f@)|>1/e ifCy1q, <7< Ciapysy.
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GROWTH AND VALUES OF FUNCTIONS REGULAR IN AN ANGLE 211

We consider first the range r,” < r < r,,,. In this range we deduce from (8.1) and
(7.5) that

log| f(2)] =log| fi(2)| +1og]| fx(z)| > C3r®— Core~*= D0 =P

and this proves (9.6) in this case.
Next recall (9.1) and suppose that r, < r < p,. Then (7.3) and (8.2) yield, in view of
9.4),
log| f(2)| > Csr(1 +log(r/r,))— Carr K¢~
9.7 > 4Csr,2(1 +log(r/r,)

if Cyrr K=Y < 3Cyr (14 log(r/r,)), that is, if
C
r< ﬁrv"“‘“ ~P)(1 +log(r/r,)).

The condition is certainly satisfied if

Cs

r<—3 pprka-p)

2C,

If, on the other hand, (C5/2C,)r,» X1 ~? < r we have
1ogri > (K=1)(1=p)logr,+0(1),

and so it is enough to assume that

CGK-N)l—p)

4C, S K= ogr, = Cy,p,,

in view of (9.1). Since the right-hand side of (9.7) is large for large v, we deduce (9.6) in
this case.
Suppose next that p, < r < t,. Then (7.1) and (8.2) yield, in view of (9.1), (9.4), and
(6.3),
log| f(2)| < —Cyrr,K®™ D+ Cor,”(1+log(r/r,))
<—=Cr K=V 2C(K—1rrlogr,
< —%Clrrvk(p_ ”’

if 2C4(K —1)r,Plogr, < 4C,rr X®~1) that is if
4C4(K-1) _
> p+K(1-p))
r cl r, ogr, c

Thus (9.5) holds in this case.
Suppose next that t, < r < s,. Then (7.1) and (8.3) yield for large v, in view of (9.4)
and (6.4),

4C(K—1)
= __6'(_—pv = CQPV'

log| f(2)| < —Cyrr,K®~ 1) 4 Cyrr o=
< —%Clrrv’((”_ D« _rvp+('l~K)(1 —p),
since r > t,, and this yields (9.5).
Suppose now that s, < r < q,. Then (7.2) and (8.3) yield, in view of (9.4),

rvK(l +p) rv’“”")
log| f(z)| < = C,—— +Cgrr, ™1 < —_iC, :
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for large v, provided that

1 Cr ko
ne-1) o _Ztv
Cqrr, < 3 "
By (9.2) this is equivalent to r? < (C,/(2Cg))q,% and this yields (9.5). Finally, if
q, <r<r,”, we have from (7.4), (8.3), (9.4), and (6.3),

r K(1+)p)
log| f(2)| > Crr, e~V —C,= > 1C,rr -1
r

if C,r X002 )r < 4Crr "~ 1) that is if
r* > (2C,/Cq)q.%

and this proves (9.6) in this case and completes the proof of Lemma 9.

10. Proof of Theorem 2

It is evident from the construction of f(z) that f(z) is an entire function with zeros at
z = ine” ", for n in the ranges (6.7). If we take r = 2s,, then f(2) has about (1) zeros in
|z} <r,|argz| < 4n—46. Thus if S, S’ are the sectors

largz| < 3n—36, largz| <jn—4,

then (0, S) = k(0,S") = p.
Next it follows from Lemmas 7 and 8 and, in particular, from (7.5) and (8.1) that, for
z=re®inSandr"<r<r,,,, we have

log| f(2)| > 4Cyr”,

while log| f(z)| < Cr? for other values of r. Thus k(S) = k(S") = p, and (2.6) holds.
We proved in Lemma 7 that f,(z) is an entire function. The function f;(z) has order p
and so does the product [, in (6.6). Since (e~ 2" —1) has order 1, mean type, so does

1@
It remains to investigate the number of roots of the equation f(z) = a, when a # 0,
and z lies in S.
It follows from Lemma 9, that if r is large, depending on a, then the only solutions of
f(2) = ain S lie in the annuli

Cioqy<r<Cyq, and C,,p, <r < Cgyp,.
It is convenient to expand these annuli slightly and to consider the sectors
(10.1) $Ci04, <1 <2Cyyq,, 0] <4139,
(10.2) 4C,p, <1 <2Cop,, 0| <in—3%6.

We need a final lemma.

LeEMMA 10. As z — oo through the sectors (10.1) and (10.2) we have

(10.3) |log| f(2)|| = o(r*),
where p' is given by (2.8).
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Suppose first that (10.1) holds. Then (9.4), (7.2), (7.4), (6.3), (9.2), and (8.3) show that

|log| 7)1 < log| /i1 |+1log| )11
= 0(r<1*9/q,)+0(q,r,"*~Y)
= O{rvt’((l +p) - 1K1 ‘P)}

_ K(1+p)—K*(1—p)
N 0{“" (K(l To) K (1=p) % ')} ‘
We note that

_(+p)—K(1-p) _p(1+p)+Kp(l —p)—(1+p)+K(1—p)
(1+p)+K(1—p) 1+p+K(1—p)
_(K=1){1=p?
T 1+p+K(1—p)
(=) =-p)(1+p)
T (K+D)(1+p+K(1-p)
> 3 —1)(1-p),

in view of (2.4) and (2.5), so that (10.3) holds in (10.1).
Similarly, in the range (10.2) we deduce from (9.1), (9.3), (6.5), (7.1), (7.3), and (8.2)
that

llog| f(2)|] = O(r,” logr,)

= o(rﬂ/(p +K(1-p)) log r).
We note that

P _P’+Kp(1—p)—p _p(1—p)(K—1)
PTofK(=p) p+K(1—p) p+K(1=p)
p(1—p)(n— > 1 - p)(n—

N (K+1)(p+1<(1 p»

in view of (2.4) and (2.5), and so (10.3) holds also in this range and Lemma 10 is proved.

We now map the unit circle |[w| < 1 onto the sector
3Ci0 <lz| <2Cy,, largz|<in—39,

by a function z = ¢(w), such that ¢(0) = C,,. Let R = C,; be the smallest number
such that the image of |w| < R under this map includes the sector

Cio<lz|<Cyy, largz|<in—30.
Then 0 < R < 1. Consider the function
F(w) = f{a,0()} —a.

We apply Jensen’s theorem to F(w) in |w| < 1 and note that in view of Lemma 10 we
have, for large v,

log| Fw)| < ¢, in|w|< 1.

Thus Jensen’s formula shows that if n is the number of zeros of F(w) in |w| < R, we
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have

1 . 1
nlogi <4, +log 7’@‘

lal

if v is large in view of (9.5). Since n exceeds the number of roots of f(z) = a in the region

) . 2
= qvp —log I f(cloqv)—al < qvp +]0g<_>’

(10.4) Cioqy <|z| < Cyyq,, |argz| <im~39,

we see that the number of zeros of f(z)—a in (10.4) is 0(q,”).
Similarly, by mapping |w| < 1 onto the sector

%C12<|2|<2C9, |argz|<%n_%5’
by ¢(w), so that ¢(0) = C,, we deduce that the number of zeros of f(z)—a in
(10.5) Clzpv<|z| <C9pv’ |argzl<%n_%5’

is O(p,”). Since all but a finite number of the zeros of f(z)—a in § lie in the regions
(10.4) and (10.5) in view of Lemma 9, we deduce that, for every a # 0,

n(r,a,S) = O(r*) asr - o,

so that k{(a,S) < p'. This completes the proof of Theorem 2.

In conclusion we should like to express our gratitude to Dame Mary Cartwright for
her work in discovering the conjecture of Littlewood mentioned in §1, and for
bringing it to our attention, and to Trinity College, Cambridge for allowing us to see
this material. We should also like to thank the referee, Professor David Drasin, for his
careful reading and many detailed suggestions, which have greatly improved this

paper.
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